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A lattice of interacting Majorana modes can occur in a superconducting film on a topological
insulator in a magnetic field. The phase diagram as a function of interaction strength for the
square lattice was analyzed recently using a combination of mean field theory and renormalization
group methods, and was found to include second order phase transitions. One of these corresponds
to spontaneous breaking of an emergent U(1) symmetry, for attractive interactions. Despite the
fact that the U(1) symmetry is not exact, this transition was claimed to be in a supersymmetric
universality class when time reversal symmetry is present and in the conventional XY universality
class otherwise. Another second order transition was predicted for repulsive interactions with time
reversal symmetry to be in the same universality class as the transition occurring in the Gross-Neveu
model, despite the fact that the U(1) symmetry is not exact in the Majorana model. We analyze
these phase transitions using a modified -expansion, confirming the previous conclusions.
I. INTRODUCTION
The observation of Majorana fermions in condensed matter has attracted great attention. A
setting in which a macroscopic number of interacting Majorana fermions are predicted to occur is a
layer of ordinary superconductor on a strong topological insulator in a transverse magnetic field.1,2
The resulting vortex lattice is predicted to have a Majorana mode localized at every vortex core.3
The interactions between the Majorana modes are predicted to drop off exponentially with the
superconducting coherence length.4 The simplest model for this system, the “Majorana-Hubbard
model”, has nearest neighbor hopping and the shortest possible range interaction, which must occur
on 4 sites;4–9 for the square lattice, these are plaquettes:
H = it
∑
m,n
γm,n[(−1)nγm+1,n + γm,n+1] + g
∑
m,n
γm,nγm+1,nγm+1,n+1γm,n+1 (1)
A similar model, on the honeycomb lattice, was considered recently in [10]. The operators γm,n are
Hermitian, and satisfy the anti-commutation relations
{γm,n, γm′,n′} = 2δm,m′δn,n′ . (2)
This model was studied in detail in [8], where it was shown to have a rich phase diagram as a
function of gt−1. The strong coupling limit was also studied recently in [11]. In particular, second
order phase transitions were identified at g = gc,1 ≈ −0.9t and g = gc,2 ≈ +0.9t. The arguments
of [8] were based on a combination of mean field theory and renormalization group methods, and
involved finding the low energy continuum limit of (1). By neglecting derivative corrections, the
corresponding field theory was shown to have emergent Lorentz invariance and an emergent U(1)
symmetry. In terms of a 2-component complex fermion ψ, the imaginary time Lagrangian density
is
L1 = ψ¯γµ∂µψ + 64gΛ−20 (ψ¯ψ)2. (3)
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2Here ψ¯ := ψ†γ0, and the Eucliean Dirac gamma matrices, built out of Pauli matrices according to
γµ = {σy, σx,−σz}, satisfy
{γµ, γν} = 2diag(1, 1, 1). (4)
The coefficient Λ0 = a
−1 is a bare cutoff defined by the inverse of the lattice spacing, a, and the
time coordinate has been rescaled so that the velocity v = 4ta ≡ 1. It was argued that the critical
point gc,1 is in the universality class of the Gross-Neveu model, while the point gc,2 corresponds to
the N = 2 supersymmetric universality class (see Figure 1).
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FIG. 1. Proposed phase diagram of the Majorana-Hubbard model with time reversal symmetry from [8].
The dotted line is a first order phase transition. ‘MM pairing’ refers to the mean field prediction that
Majorana modes will pair up on neighbouring sites to form Dirac fermions, breaking translation symmetry
in either the horizontal or vertical direction. For g > 0, the Dirac fermions’ energy levels are empty (FM
pairing), while they alternate being empty and occupied (AFM pairing) for g < 0.
In this paper, we consider the effects of adding U(1) and time reversal breaking operators to L1,
and ask if this changes the universality classes of the transitions at gc,1 and gc,2. In Section II,
we review and extend the low energy field theory describing the predicted gapless phases of this
model, and determine the leading U(1) breaking operators. In Section III, we introduce a modified
-expansion which is able to treat three dimensional operators that break Lorentz invariance in
four dimensions, without generating unphysical contributions. In Section IV, we show that all U(1)
breaking operators are irrelevant to one loop order, using this modified -expansion and Wilsonian
renormalization. In Section V, we consider the effects of a time reversal breaking perturbation,
a fermion mass term, on the Majorana-Hubbard model. Using a combination of renormalization
group and supersymmetry methods, we show that such a perturbation is relevant, and changes the
universality class from the N = 2 supersymmetric one to the conventional XY transition. Section
VI contains our conclusions.
II. LOW ENERGY FIELD THEORY
Due to the alternating nature of the nearest neighbor hopping in (1), the unit cell spans two
lattice sites, so we define
γm,2n = γ
e
m,2n γm,2m+1 = γ
o
m,2n+1. (5)
These definitions of γe/o are slightly different than those of [8], and are chosen to simplify the form
of the U(1) breaking operators. To derive a low energy field theory, we start with the dispersion
relation of the non-interacting model,
E± = ±4t
√
sin2 kx + sin
2 ky. (6)
3We then replace each Majorana operator γe/o with a combination of two slowly varying Majorana
fields χe/o,±, according to
γe/o(~r) ≈ 2
√
2Λ−10 [χ
e/o+(~r) + (−1)xχe/o−(~r)]. (7)
These fields χ± consist of the momenta modes of γ near the two Dirac points of the non-interacting
theory, which occur at ~k = (0, 0) and ~k = (pi/a, 0). The coefficient Λ−10 = a is the lattice spacing,
and its inverse defines a bare energy cutoff of the theory. To derive the continuum limit, we Taylor
expand the quadratic and quartic pieces of (1). We expand the quartic operator to two derivatives,
while keeping only leading order quadratic terms, since the underlying symmetry of the lattice
model forbids any quadratic operator from breaking the U(1) symmetry (as proven in Appendix
A). The resulting Hamiltonian density is
H = 4ita
∑
±
[
± χe±∂xχe± ∓ χo±∂xχo± + 2χe±∂yχo±
]
+ 64gΛ−40 Hint (8)
where
Hint = −4Λ20χe−χe+χo−χo+ −
∑
s,s′=±
ss′χes∂xχesχos
′
∂xχ
os′ + 2∂y(χ
e−χe+)∂y(χo−χo+) (9)
+2χe−χe+∂xχo−∂xχo+ + 2∂xχe−∂xχe+χo−χo+ + ∂x(χe−χe+)∂x(χo−χo+).
We introduce two-component Majorana fermions χ+ := (χe+, χo+)T and χ− := (χo−, χe−)T, so
that the quadratic part of (8) becomes
4ita
∑
±
χ±T [σz∂x + σx∂y]χ±. (10)
These two-component Majorana fermions satisfy the canonical anti-commutation relations {χi(~r), χj(~r′)} =
δijδ(~r − ~r′). The imaginary time Lagrangian density corresponding to (8) is
L =
∑
±
χ¯±γµ∂µχ± + 64gΛ−40 Hint. (11)
We’ve set the velocity v = 4ta to unity, used the gamma matrices (4), and defined χ¯± := χ±Tγ0.
In order to identify any emergent U(1) invariance of (11), we define a complex fermion ψ according
to
ψ = χ+ + iχ− =
(
χe+ + iχo−
χo+ + iχe−
)
. (12)
In this language, the most relevant U(1) breaking operator in (11) is
16gΛ−40
(
ψ1ψ2[∂xψ1∂xψ2 − ∂yψ1∂yψ2] + h.c.
)
(13)
Including this term, the low energy field theory describing (1) is
L = ψ¯γµ∂µψ +Mψ¯ψ + 64gΛ−20 (ψ¯ψ)2 + 16gΛ−40
(
ψ1ψ2∂rψ1∂rψ2 + h.c.
)
(14)
4where we’ve introduced the notation
∂rψa∂rψb := ∂xψa∂xψb − ∂yψa∂yψb. (15)
and we’ve also introduced a fermion mass term: As shown in [8], when a second-neighbor hopping
term is included,
H → H + it2
∑
m,n
s,s′=±1
γm,2nγm+s,2n+s′ , (16)
time reversal symmetry is broken, and
L → L+Mψ¯ψ M := 8t2 (17)
Since
(ψ¯ψ)2 = −ψ∗1ψ∗2ψ2ψ1 (18)
we see from (14) that g > 0 corresponds to underlying physical interactions that are attractive. As
a last comment, we note that the Nielson Ninomiya theorem12 is not violated here, even though we
have achieved a single Dirac fermion on the lattice, since the U(1) symmetry is only emergent, and
not exact.
A. Hubbard-Stratonovich Transformation
In the absence of the U(1) breaking operator, the interaction term in (14) is proportional to
(ψ¯ψ)2. In this case, we expect a massless boson to appear at the phase transitions gc,1, gc,2, whose
expectation value provides the order parameter of the transition.8,13 Such a boson can be introduced
using a Hubbard-Stratonovich transformation. This procedure depends on the sign of the (ψ¯ψ)2
interaction: in the case of attractive interactions (g > 0), a complex charge-2 boson is introduced,
while in the case of repulsive interactions (g < 0), a real boson is introduced. To promote these
bosonic variables to dynamical fields, we reduce the energy scale of the continuum theory from Λ0
down to some reduced scale Λ Λ0. Using the same symbols to denote these renormalized fields,
we arrive at the following two imaginary time Lagrangian densities, depending on the sign of g:
• Repulsive Interactions (g < 0):
L1 = ψ¯γµ∂µψ + (∂µσ)2 + r2σ2 + η1σψ¯ψ + η22σ4 + h1 [ψ1ψ2∂rψ1∂rψ2 + h.c.] (19)
• Attractive Interactions (g > 0):
L2 = ψ¯γµ∂µψ +Mψ¯ψ + |∂µφ|2 +m2|φ|2 + λ1
[
φ∗ψTCψ + h.c.
]
+ λ22|φ|4 + L′2 (20)
where C = iγ0 and
L′2 := h2ψ1ψ2∂rψ1∂rψ2 + h3φ∂rψ1∂rψ2 + h4φ[∂2rψ1ψ2 + ψ1∂2rψ2] + h.c. (21)
We have only included a fermion mass in the case of attractive interactions; the phase transition for
g < 0 vanishes as soon as time reversal symmetry is broken, according to mean field theory.8 Note
5that in the case of attractive interactions, two additional U(1) breaking operators are generated
during this renormalization procedure. Such terms do not occur for a real boson σ, since they
violate an underlying pi2 -rotation symmetry of the lattice, as shown in Appendix A. The Greek
coupling constants {λi, ηi} precede U(1) preserving operators, while the Latin coupling constants
{hi} precede U(1) breaking operators. Equations (19) and (20) will be the starting point for all of
our calculations that follow. We will assume that the symmetry breaking parameters {hi} andM are
small, so that the theories are close to their quantum critical points. This is not an unreasonable
assumption for the lattice model: the U(1) breaking operators are superficially irrelevant, and
are preceded by a factor of Λ−40 . At a reduced cutoff Λ  Λ0, the coupling constants will be
suppressed by four factors of Λ/Λ0. Of course, this argument is incomplete, as it ignores higher
order renormalization effects. If the {hi} and M are not small, their flow will depend on the the
presence of additional fixed points in parameter space.
We have assumed that under this renormalization, the velocities of the boson and fermion flow
to a common value. This has been shown to be the case in the U(1) invariant versions of these
models, and to linear order in M and {hi}, we expect the same result to hold.14,15 The irrelevance
of Lorentz breaking operators has also been established for fermion-boson models on the honeycomb
lattice.16–18 The fermion and boson velocities would be identical if Lorentz invariance was exact.
In [8], the nature of the transitions at gc,1 and gc,2 was predicted using the U(1) symmetric
versions of (19) and (20), and invoking universality. In the fermion-boson models, the transitions
are driven by reducing the squared boson mass, and letting it change sign. The U(1) symmetric
version of (19) was considered in [13], and the transition was shown to correspond to that of the
Gross-Neveu model, with spontaneous breaking of the Z2 symmetry
σ → −σ ψ¯ψ → −ψ¯ψ (22)
It is not the Ising transition, because an additional massless fermion field ψ is present. The U(1)
version of (20) involving the charge-2 boson φ, (20), has been studied as well13–15,19,20 and the
transition is known to exhibit N = 2 supersymmetry when M = 0. This should not be confused
with the N = 1 supersymmetry that is present in [21].
B. Symmetry Constraints on U(1) Breaking Operators
To complete this section, we comment on the symmetries of (14). The authors of [8] identified
various exact symmetries of the lattice Hamiltonian (1), which must be obeyed at the continuum
level. We label them C for charge conjugation, P for parity, and R for pi2 -spatial rotation. Explicitly,
they are:
C : ψ(x, y) 7→ ψ∗(x, y) (23)
P : ψ(x, y) 7→ −iγ1ψ∗(−x, y) (24)
R : ψ(x, y) 7→ e− ipi4 e ipi4 γ0ψ(−y, x) (25)
Additionally, in the special case of t2 = M = 0, the model is also invariant under time reversal, T :
T : ψ(x, y) 7→ −γ0ψ∗(x, y), i 7→ −i (26)
In Appendix A, we show how these symmetries limit which U(1) breaking operators can be
generated.
6III. MODIFIED EPSILON EXPANSION
In this paper, we seek to calculate the beta functions of various operators using an -expansion.
In both (19) and (20), the upper critical dimension of the U(1) invariant fermion-boson operator
is four, and so we should consider these theories in d = 4−  dimensions, for  1. However, this
approach is met with difficulties, since ψ¯ψ is no longer a Lorentz scalar in four dimensions. Instead,
it is a component of the 4-vector
A =
(
ψ¯γµψ
ψ¯ψ
)
. (27)
as shown in Appendix B. The presence of ψ¯ψ, either as a fermion mass term in (20) or as a Yukawa
coupling σψ¯ψ in (19), will lead to the generation of additional Lorentz breaking operators through
renormalization. In Appendix C, we explain this further, and write down the fermion and boson
propagators in these non-Lorentz invariant theories.
Of course, this is not the first time an -expansion has been attempted on these models. In the case
of attractive interactions, the conventional approach is to relate (20) to the Nambu-Jona-Lasinio
model in four dimensions, involving a 4-component Majorana fermion χ, and two real bosons φ1
and φ2.
13,20,22 The interaction term in this model is
χ¯(φ1 + iγ5φ2)χ (28)
where γ5 is the fifth gamma matrix in four dimensions. In the massless case, this theory possesses
a continuous U(1) chiral symmetry:
χ→ eiαγ5χ φ→ e−2iαφ (29)
In the Majorana representation, γ5 is pure imaginary, so that this transformation leaves the Majo-
rana real. In three dimensions, this model corresponds to the U(1) version of (20), with the chiral
U(1) mapping to the charge U(1) symmetry in the three dimensional theory. However, since a
Majorana mass breaks the chiral U(1), we are unable to adopt this approach to our model when a
fermion mass term is present.
Another popular approach in the literature, for the U(1) versions of both (19) and (20), is to
extend the theory to one of N Dirac fermions in four dimensions, and then continue N → 12 in
the -expansion.13 This approach is difficult to justify, since a four dimensional Dirac mass does
not correspond to a three dimensional Dirac mass in this limit. See for instance, [23]. Instead, the
four dimensional mass couples different chiral sectors together, as shown in Appendix B. Using a
change of basis, we can decouple the sectors, but in this case the three dimensional masses occur
with opposite signs, and the limit N → 12 is ill-defined.
Therefore, we are forced to develop a new approach, which we call the ‘modified -expansion’,
in order to calculate renormalization group functions in these theories. In the end, this approach
will agree with the naive N → 12 limit in a conventional -expansion, but is arguably more reliable,
since it keeps the form of all operators fixed as d is continued back to three dimensions. Perhaps
there is a simple argument justifying the N → 12 limit, but we haven’t been able to produce one.
A. An Expansion in d = 3 + (1− ) Dimensions
In Appendix C, we show that in four dimensions, the fermion and boson propagators receive
Lorentz breaking corrections, due to the presence of ψ¯ψ. These corrections lead to additional
7contributions in renormalization group functions that are unphysical, since the three dimensional
theory is Lorentz invariant. The modified -expansion is a method to extract only the Lorentz
invariant contributions in our Feynman diagram calculations. It isolates the Lorentz breaking
direction (‘p3’ in momentum space), and shrinks it to zero extent in the → 1 limit. To understand
this, recall that the conventional -expansion is carried out at the level of internal momentum
integrals. In a Lorentz invariant theory, all momentum integrals will have the structure∫
d4p
(2pi)4
F (p) (30)
for some function F depending only on the magnitude of momentum. Now, we continue from four
to d dimensions, by writing∫
d4p
(2pi)4
F (p)→
∫
ddp
(2pi)d
F (p) = Ωd
∫
dppd−1F (p) (31)
where Ωd is the surface area of the sphere Sd−1. Both Ωd and the radial integral are well-defined
as functions of a continuous parameter d.
Now, let us turn to our non-Lorentz invariant theory, which has propagators modified by terms
proportional to p3p2 . To lowest order in p
2
3, any Lorentz breaking contribution to a momentum
integral will have the structure ∫
d4p
(2pi)4
F (p)p23 (32)
since odd powers of p3 vanish by the symmetric integration. Higher powers of p
2
3 will be at least
quadratic in the Lorentz breaking parameters, and can be dropped, as argued in Appendix C). In the
conventional -expansion, we would now promote p to a d-dimensional vector, write p23 = p
2F ′(θi)
in terms of spherical coordinates, and find some nonzero contribution. But this is unphysical, since
all Lorentz breaking contributions should vanish when we return to the three dimensional theory.
Instead, we promote p to a 3 + d′ dimensional vector, and p3 to a d′ dimensional vector, with
d′ = 1− :
∫
d4p
(2pi)4
f(p)p23 →
∫
d3+d
′
p
(2pi)3+d′
F (p)|p3|2 =
2+d′∑
i=3
∫
d3+d
′
p
(2pi)3+d′
F (p)p2i (33)
= d′
∫
d3+d
′
p
(2pi)3+d′
F (p)p21 =
d′
3 + d′
Ω3+d′
∫
dpp3+d
′+1F (p) (34)
In the limit → 1, d′ → 0, this integral vanishes. Since this applies to all Lorentz breaking contri-
butions to the Feynman diagrams, the modified -expansion amounts to replacing the propagators
in (C8, C10) with their Lorentz invariant pieces, and carrying out the conventional -expansion.
If we instead promoted ψ to a Dirac fermion in four dimensions, we would have Lorentz invariant
propagators from the outset, with the γµ in (C8) replaced with 4x4 gamma matrices. At the level
of Feynman diagrams, our calculations would agree with those of the modified -expansion, if we
replaced tr(1F )→ 2, which amounts to the naive N → 12 limit in the conventional -expansion.
8IV. RENORMALIZATION OF U(1) BREAKING OPERATORS
In this section, we determine the relevance of the U(1) breaking operators present in (19) and
(20) to one loop order in the modified -expansion, using Wilsonian renormalization. Reducing the
energy cutoff from Λ to b−1Λ, for b > 1, the coupling constants obey the following equations, in
terms of renormalization constants {Zi}:
h1 = h1,0Zh1Z
−2
ψ b
−d h2 = h2,0Zh2Z
−2
ψ b
−d (35)
h3 = h3,0Zh3Z
−1/2
φ b
−d/2 h4 = h4,0Zh4Z
−1/2
φ b
−d/2 (36)
Here d is the spacetime dimension, which is 3 for the models of interest, and 4−  in the modified
-expansion.
A. Attractive Interactions
In Appendix D 1, we calculate these renormalization constants for the case of attractive interac-
tions, (20). Our results are given in (D22-D26). Differentiating these expressions with respect to
log b, we find
βM =M [1− ] (37)
βh2 =− h2
[
4− 
3
]
(38)
βh3 =− h3
[
2 +
6h2
√
√
3(4pi)h3
]
(39)
βh4 =− h4
[
2− 2h2
√

h44pi
√
3
− 2(2h4 − h3)
3h4
]
(40)
(41)
Above, we are using the convention
βx :=
dx
d log b
. (42)
Since βh2 is only a function of h2, and is negative for  = 1, we conclude that h2 flows to zero at
large length scales, independent of h3 and h4. This implies that βh3 is also negative at large length
scales, so that h3 → 0. Finally, we are left with
βh4 → −h4
[
2− 4
3
]
→ −2
3
h4 < 0 (43)
so that h4 also flows to zero. Therefore, at the critical point gc,2, all U(1) breaking operators
are irrelevant. Meanwhile, the fermion mass operator is marginal at one loop, and requires a
higher order calculation. In the next section, we set the U(1) breaking operators to zero, and use
supersymmetry to determine the relevance of a fermion mass to four loop order.
9B. Repulsive Interactions
In Appendix D 2, we calculate the renormalization constants for the case of repulsive interactions,
(19). Using (D33), we find
βh1 = −h1
[
4− 3
4

]
(44)
at the phase transition gc,1. Therefore, to one loop order, the U(1) breaking operator is irrelevant,
and the phase transition falls into the Gross-Neveu universality class, as predicted in [8].
V. RELEVANCE OF THE FERMION MASS OPERATOR
In this section, we determine the relevance of the fermion mass operator in (20) beyond one loop
order. We treat M as a small parameter, so that terms O(M2) will be dropped. We also neglect
all U(1) breaking operators, since these were shown to be irrelevant in the previous section.
A straightforward, but tedious approach to the problem is to calculate all two loop diagrams in
the modified -expansion. The results of this calculation can be found to O(2) in Appendix F. A
more efficient approach is to relate the fermion mass beta function to the stability critical exponent
in the massless theory, which allows us to go to O(4), using the following identity:
βM = M [1− ω] ω := d
dλ21
dλ21
d logµ
∣∣∣
λ1=λ∗1 ,(massless)
(45)
In words, ω is the derivative of the beta function for λ21 in the massless theory, evaluated at the
critical point. The proof of equation (45) closely follows the derivation of the identity
βm2 = m[2− ω] (46)
for the boson mass operator m2|φ|2 in [24], and relies on the underlying supersymmetry of the
massless theory. The relation (46) was originally given in [19]. We now prove this identity using
the superspace formalism. In Appendix E, we review this formalism, and show that at the critical
point gc,2, the real time version of (20) in 2 + 1 dimensions can be written in terms of a chiral
superfield, Φ:∫
d2θd2θ¯Φ†Φ+
λ
3
(∫
d2θΦ3 +
∫
d2θ¯Φ†
3
)
= ∂µφ
∗∂νηµνφ+ iψ¯γ
µ
R∂µψ−λ2|φ|4−λ
(
φψTCψ + h.c.
)
(47)
where γµR = {−γ0, iγ1, iγ2} are real space gamma matrices, and ηµν = diag(1,−1,−1). We have
dropped all U(1) breaking operators, since they have been shown to be irrelevant in Section IV. A
fermion mass can be introduced by adding the following expression to (E7):
−
∫
d2θd2θ¯2MΦ†θθ¯Φ = −4M
∫
d2θd2θ¯θ¯ψ¯θθ¯θψ = −Mψ¯ψ (48)
To linear order in M , this addition can be compensated by rescaling the superfield,
Φ→ (1 +Mθθ¯)Φ (49)
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which shifts the coupling λ accordingly:
λ→ λ˜(M) := λ+ 3Mθθ¯ (50)
In other words, the massive theory with coupling λ is equivalent to the massless theory with cou-
pling λ˜. Now, to access the scaling dimension of ψ¯ψ, we require the notion of bare and renormalized
fields and masses. We write the bare theory in terms of bare Φ0 and bare M0, λ0:
Lbare =
∫
d2θd2θ¯Φ†0(1− 2M0θθ¯)Φ0 +
∫
d2θ
λ0
3
Φ30 +
∫
d2θ¯
λ0
3
[Φ†0]
3 (51)
and the renormalized theory in terms of Φ and Mµ,λµ/2:
L =
∫
d2θd2θ¯Z˜Φ†(1− 2Mµθθ¯)Φ +
∫
d2θ
λµ/2
3
Φ30 +
∫
d2θ¯
λµ/2
3
[Φ†0]
3 (52)
Here the renormalization scale µ has been introduced so thatM and λ are dimensionless. Notice that
there is no renormalization constant Zλ – this follows from SUSY nonrenormalization theorems.
25,26
In the massless theory, we can write down an equation similar to (52), replacing Z˜ with some other
renormalization constant Z. In general, these two functions will be different; however, using (50),
we have
Z˜(λ) = Z(λ˜) = Z(λ)
[
1 + 3Mµθθ¯λ
∂ logZ
∂λ
]
+O(M2) (53)
Using this and comparing (51) to (52), and we find the relation
M = M0µ
−1
[
1− 3
2
λ
∂ logZ
∂λ
]−1
(54)
Differentiating with respect to log µ, we find
− βM := ∂M
∂ logµ
= M
[
−1− 3λ2 ∂γ
∂λ2
]
(55)
where γ = − ∂Z∂ log µ is the anomalous dimension of the fermion in the massless theory. The uncon-
ventional negative sign is introduced so that these functions agree with their Wilson counterparts.
Now, in the supersymmetric theory, γ can be rewritten in terms of the beta function of λ2, since
λ20 = λ
2µ−Z(λ)3 (56)
because the superpotential is not renormalized. The beta function is
− βλ2 = − dλ
2
d logµ
= λ2[−− 3γ] (57)
Differentiating with respect to λ2, and using the fact that to O(4), the value of γ at the SUSY
point (=: λ∗) is22
γ(λ∗) = − 
3
(58)
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we have
− dβλ2
dλ2
= −− 3γ(λ∗)− 3λ2∗
∂γ
∂λ2
= −3λ2∗
∂γ
∂λ2
(59)
Comparing this to (55), we find
βM = M
[
1− dβλ2
dλ2
]
(60)
proving (45). In [22], ω has been evaluated in the massless theory to four loop order:
ω = − 
2
3
+
(
1
18
+
2ζ3
3
)
3 +
1
540
(
420ζ3 + 1200ζ5 − 3pi4 + 35
)
4 +O(5) (61)
Using Pade´ extrapolation,13 the authors of [22] found the values ω = 0.872 and ω = 0.870, depending
on which Pade´ approximant is used. In [27], the value ω = .910 was obtained using the conformal
bootstrap. In all three approaches,
βM = M [1− ω] (62)
is positive, and the fermion mass operator is relevant. Therefore, at the phase transition gc,2, a
small time reversal breaking perturbation will destroy the emergent supersymmetry. The resulting
universality class is determined in the following subsection. In passing, we note that our explicit
two loop results, calculated using dimensional regularization, agree with (45) and (61) to O(2) (see
Appendix F).
A. The Effect of a Relevant Fermion Mass Operator
Since the fermion mass operator is relevant, a large mass will be generated near the critical
point. At energy scales M , the fermion degrees of freedom can be integrated out completely. In
Appendix G, we show that in this case, the low energy theory near the critical point gc,2 has the
following structure
L = |∂µφ|2 +m2|φ|2 + ρ|φ|4 + ρ˜(φ4 + φ∗4) ρ˜ ρ (63)
This model was studied in [28] and [29] using -expansion techniques and in [30] using Monte
Carlo, where it was shown that ρ˜, which lowers the symmetry from U(1) to Z4, is irrelevant in
3 spacetime dimensions and the critical point is the XY one. Therefore, once a fermion mass
is present, the universality class of gc,2 will change from N = 2 SUSY to the conventional XY
transition.
VI. CONCLUSION
In this work, we have shown that the emergent U(1) symmetry present at the critical points of
the Majorana-Hubbard model is preserved when U(1) breaking corrections are taken into account.
Moreover, we have shown that a fermion mass term, generated by a time reversal breaking pertur-
bation, is a relevant operator at four loops in the -expansion. These results suggest that in the
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case of repulsive interactions, the Majorana-Hubbard model has a critical point in the Gross-Neveu
universality class, and in the case of attractive interactions, the model has a critical point in the
N = 2 supersymmetric universality class for a time reversal invariant system. When time rever-
sal symmetry is broken, we have shown that the phase transition instead falls in the conventional
XY universality class. These results agree with the classification of Affleck et. al.8. Numerical
confirmation of these predictions remains a major open challenge.
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Appendix A: Symmetry Constraints on U(1) Breaking Operators
In this appendix, we show how the symmetries (23-25) restrict the form of various U(1) breaking
operators.
1. Quadratic Operators
The most general U(1) breaking quadratic operator (with or without derivatives) is of the form
ψTAψ + ψ†A†ψ∗ (A1)
for some differential operator A(x, y). Under C,
C : ψTAψ + ψ†A†ψ∗ 7→ ψTA†ψ + ψ†Aψ∗ (A2)
which forces A to be Hermitian. Under R,
R : ψTA(x, y)ψ 7→ − i
2
ψT (1− iσy)A(−y, x)(1 + iσy)ψ. (A3)
The right hand side of (A3) cannot appear for nonzero A, since it is anti-Hermitian, and violates
(A2). Therefore, no charge 2 operator is allowed by symmetry.
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2. Quartic Operators
a. One-Derivative Quartic Operators
A four-Fermi operator involving a single derivative can only have charge 0 or ±2: terms with
charge ±4 include at least three fermi fields without derivatives, and vanish by Fermi statistics.
Since R is a combination of spatial rotation by pi2 and U(1) rotation by −pi4 , these two possibilities
require, respectively, a derivative operator that transforms trivially or one that transforms with a
prefactor of i. Of these, only the latter exists:
∂x + i∂y (A4)
but such an operator breaks CP .
b. Two-Derivative Quartic Operators
Repeating the previous argument, the derivative operator of a charge 2 four-fermi term must
transform with a factor of i to satisfy R symmetry. This is not possible for a generic two-derivative
operator Aab∂a∂b, ruling out charge 2 operators. Charge 4 terms require a derivative operator that
transforms with a prefactor of −1 to be invariant under R. By Fermi statistics, the two derivatives
must act on separate Fermi fields, so the most general operators are
ψ1ψ2[∂xψ1∂xψ2 − ∂yψ1∂yψ2] (A5)
and
ψ1ψ2[∂xψ1∂yψ2 − ∂yψ1∂xψ2] (A6)
Of these, only the former is allowed, since the latter breaks CP . Therefore, the U(1) breaking
operator appearing in (11) is the only possible term with two or less derivatives.
3. Fermion-Boson Operators
In the case of attractive interactions, a complex boson φ ∼ ψ1ψ2 is introduced. Using (25), we
see that
R : φ(x, y)→ iφ(−y, x) (A7)
Since ψTCψ also picks up a factor of i under R, the following two derivative, U(1) breaking operators
are invariant under R-symmetry:
φ[∂xψ1∂xψ2 − ∂yψ1∂yψ2] + h.c. (A8)
and
φ
[
(∂2x − ∂2y)ψ1ψ2 + ψ1(∂2x − ∂2y)ψ2
]
+ h.c. (A9)
It is easy to check that the remaining symmetries (23 - 25) also leave these operators invariant.
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In the case of repulsive interactions, a real boson σ ∼ ψ¯ψ is introduced, which is invariant under
R:
R : σ(x, y)→ σ(−y, x) (A10)
Using the above constraints on pure fermion operators, the most relevant U(1) breaking fermion-
boson operator is then
σ2ψ1ψ2[∂xψ1∂xψ2 − ∂yψ1∂yψ2] (A11)
which is too irrelevant for our considerations.
Appendix B: Weyl Fermions in Four Dimensions
In four dimensions, the Dirac Lagrangian is
L = iΨ¯Γa∂aΨ Ψ = (ψR ψL)T a = 0, 1, 2, 3 (B1)
The gamma matrices are in the Weyl basis, and can be written in terms of two sets of Pauli matrices
{σi} and {τi}:
Γ0 = τx ⊗ σ0 Γk = iτy ⊗ σk (B2)
where σ0 := 1. These matrices satisfy
{Γa,Γb} = 2diag(1,−1,−1,−1). (B3)
Expanding (B1), the ψL sector can be written as
LW = iψ¯σy∂0ψ + iψ¯[σyσx∂1 + ∂2 + σyσz∂3]ψ ψ¯ := ψ†γ0 = ψ†σy (B4)
where we’ve suppressed the ‘L’ subscript, and inserted σ2y = 1 in each term. By relabelling coor-
dinates ∂2 ↔ ∂3, and performing a Wick rotation, the imaginary time Lagrangian density for the
Weyl fermion is
L = ψ¯[∂µγµ + i∂3]ψ µ = 0, 1, 2 (B5)
Since (B5) is a Lorentz scalar, and (∂µ, ∂3) is a 4-vector, we see that ψ¯ψ is no longer invariant
under the Lorentz group. This can also be seen explicitly, using the general form of a Lorentz
transformation in the Weyl basis:31
Λ(α) = e~α·~σ ~α ∈ C (B6)
Under this transformation, with γ0 = σy,
ψ¯ψ 7→ ψ†e~α∗·~σγ0e~α·~σψ = ψ¯e−~α∗·~σT e~α·~σψ (B7)
which does not equal ψ¯ψ for general ~α. It is only invariant under a subset of operators,
{eλσx , eλσz , eiλσy}, λ ∈ R
which generate the three dimensional Lorentz group.
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1. The Limit N → 1
2
One idea to resolve the issue of breaking Lorentz invariance in the -expansion is to promote ψ
to a Dirac fermion in four dimensions. If this Dirac theory can be decoupled into two Weyl sectors,
then we may obtain the Weyl renormalization group functions by continuing N , the number of
Dirac fermions, from 1 to 12 in this theory. We now show that this limit is ill-defined.
To generate the interaction term φ∗ψTCψ in each Weyl sector, we consider following operator
iφ∗ΨT
(
C 0
0 −C
)
Ψ + h.c. C = iγ0 (B8)
To show that it is Lorentz invariant, it is sufficient to consider ψTCψ, since Lorentz transformations
do not couple Weyl sectors in the Weyl basis. Using (B6),
ψTCψ 7→ ψT e~α·~σTCe~α·~σ = ψTCe−~α·~σe~α·~σψ = ψTCψ (B9)
under a general Lorentz transformation. Adding this interaction to the free Dirac Lagrangian
density, we have
L = Ψ¯[∂aΓa +M ]Ψ + [iφ∗ΨT
(
C 0
0 −C
)
Ψ + h.c.] (B10)
By rotating ψR → γ0ψR, so that both Weyl fermions propagate in the same direction, (B10)
becomes
2∑
i=1
[
ψ¯i[∂µγ
µ + i∂3]ψi + [iφ
∗ψTi Cψi + h.c.]
]
+Mψ¯LψR + ψ¯RψL (B11)
where we used (B5). The two Weyl sectors can be decoupled by introducing
ψ± :=
1√
2
(ψL ± ψR). (B12)
This doesn’t affect the interaction term, but it modifies the mass terms to
M [ψ¯LψL − ψ¯RψR] (B13)
This relative sign in the mass terms cannot be removed, implying that the two Weyl sectors are
distinct. Any continuation of the Dirac number N → 12 would have to choose between one of these
two distinct sectors, rendering the limit ill-defined.
Appendix C: Lorentz Breaking Operators in Four Dimensions
In four dimensions, a two-component complex fermion is a Weyl fermion, with imaginary time
Lagrangian density
LW = ψ¯[∂µγµ + i∂3]ψ µ = 0, 1, 2 (C1)
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This quadratic form can be derived from the Dirac Lagrangian in 4 dimensions, using 4×4 Gamma
matrices in the Weyl basis. Since (C1) is a Lorentz scalar, and (∂µ, ∂3) is a 4-vector, we see that
the object ψ¯ψ is no longer invariant under the Lorentz group. Instead, it is a component of the
4-vector,
A =
(
ψ¯γµψ
ψ¯ψ
)
, (C2)
that is contracted with (∂µ, ∂3) in (C1). This creates difficulties when studying the fermion mass
operator Mψ¯ψ, as well as the Gross-Neveu interaction ψ¯ψσ in (19). While these operators are
invariant under the three dimensional Euclidean Lorentz group SO(3), they transform nontrivially
under the full SO(4) Euclidean Lorentz group. As a consequence, additional operators that are
invariant only under the SO(3) ⊂ SO(4) subgroup can be generated, including (for k ∈ Z+)
ψ¯(i∂3)
kψ |∂k3φ|2 (∂k3σ)2 (φ∂k3φ∗ + h.c.) σ∂k3σ (C3)
We will only discuss the role of the most relevant operators, with k = 1. Then in four dimensions,
we should replace the Lagrangian densities (19) and (20) with the following:
L′1 = ψ¯[/∂ + i∂3 + if1∂3]ψ +Mψ¯ψ + (∂aσ)2 + f2(∂3σ)2 + η1σψ¯ψ + η2σ4 (C4)
+f3σ∂3σ + · · ·
L′2 = ψ¯[/∂ + i∂3 + if1∂3]ψ +Mψ¯ψ + |∂aφ|2 + f2|∂3φ|2 + λ1[φψTCψ + h.c.] (C5)
+λ22|φ|2 + f3(φ∂3φ∗ + h.c.) + · · ·
The ‘· · · ’ represent the U(1) breaking operators present in (19) and (20), which are unchanged.
Since the parameters {fi} are not present in the three dimensional model, they only appear in the
four dimensional model after at least one renormalization step, and are suppressed by at least one
factor of M or η1 (the Lorentz breaking operators in (C4) and (C5)). In either case, terms O(f2i )
and O(fiM) are beyond our order of approximation, and should be dropped from the calculations
that follow.
1. Propagators
Inverting the quadratic forms in (C4 C5), we find the following propagators, to linear order in
M and fi:
G(p) = 〈ψ(p)ψ¯(p)〉 = ip + f1p3 +M
p2
− 2p3(M + f1p3) ip + p3
p4
(C6)
where we’ve introduced a four dimensional ‘slash notation’
A := Aµγ
µ − iA3 (C7)
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We write this propagator as a sum of a Lorentz invariant (G1) and a non-Lorentz invariant (G2)
part:
G(p) = G1(p) +G2(p) (C8)
G1(p) =
ip +M
p2
G2(p) =
p3
p2
[
f1 − 2(M + f1p3) ip + p3
p2
]
(C9)
Only the first term is a Lorentz invariant. Likewise, the boson propagators are
D(p) = 〈σ(p)σ(−p)〉 = 〈φ(p)φ∗(p)〉 = D1 +D2 (C10)
where
D1(p) =
1
p2
D2(p) = −f2p
2
3
p4
− f3ip3
p4
(C11)
Appendix D: Renormalization of U(1) Breaking Operators
In this appendix, we determine the relevance of the U(1) breaking operators present in (19) and
(20) to one loop order in the modified -expansion, using Wilsonian renormalization. To begin,
we decompose fields into slow and fast components. Throughout our calculations, we consider all
one loop diagrams that are O(hi),O(λ2i ),O(η2i ) and O(M). We define the operator ∗ on momenta
vectors a, b as
a ∗ b := axbx − ayby (D1)
and we use faint/bold propagator lines to denote slow/fast fields in our Feynman diagrams. We
also use the notation p := /p − ip3, introduced in Appendix C. From the outset, we set the boson
masses to zero, since this marks the phase transitions of interest. All Feynman diagrams have been
drawn using the package [32].
1. U(1) Breaking Operators with Attractive Interactions
Using the modified -expansion, the fermion and boson propagators are
G(p) =
ip +M
p2
D(p) =
1
p2
(D2)
We use solid lines to represent the fermion propagators, and dashed lines to represent the boson
propagators. An arrow is used to indicate the direction of charge; this charge is +1 for the fermion,
and +2 for the boson. Finally, we include the operators of the external legs in the definitions of
our Feynman diagrams.
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k
p
FIG. 2. Fermion self energy diagram in Wilson RG for g > 0
a. Fermion Propagator
The single one loop diagram that renormalizes the fermion propagator to O(hi) is shown in Figure
2. Including the external legs, it equals
=
∫
ddk
(2pi)d
ψ¯s(k)Σψ(k)ψs(k) (D3)
where
Σψ(k) = −4λ21
∫
f
ddp
(2pi)d
D(p)CTGT (p− k)C (D4)
and the p integration is over the Wilson shell. Expanding to linear order in the slow momentum k,
and replacing
p · kip† → p
2
d
ik†, (D5)
we find
Σψ(k) = −ik†4λ21
[
1− 2
d
] ∫
f
ddp
(2pi)d
1
p4
− 4λ21M
∫
f
ddp
(2pi)d
1
p4
(D6)
Using ∫
f
ddp
(2pi)d
1
p4
= Ωd
∫ Λ
b−1Λ
dppd−5 =
2
(4pi)d/2Γ(d/2)
Λd−4δl +O(δl2) (D7)
for b = eδl, we find the following renormalization constants for the fermion kinetic term and fermion
mass term:
Zψ = 1 +
8λ21
(4pi)d/2Γ(d/2)
[
1− 2
d
]
Λ−δl ZM = 1− 8λ
2
1
(4pi)d/2Γ(d/2)
Λ−δl (D8)
b. Boson Propagator
The unique one loop diagram that renormalizes the boson propagator to linear order in O(hi) is
shown in Figure 3. It equals
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k
p
FIG. 3. Boson self energy diagram in Wilson RG
=
∫
ddk
(2pi)d
φ∗s(k)Σφ(k)φs(k) (D9)
where
Σφ(k) = 2λ
2
1
∫
f
ddp
(2pi)d
tr[CG(p)CGT (k − p)] (D10)
Since the phase transition occurs when the boson mass is tuned to zero, we isolate the terms pro-
portional to k2, to extract Zφ. We need not be concerned with the generation of terms proportional
to k4 only, since these drop out of the modified -expansion. We find
Zφ = 1 +
8
(4pi)d/2Γ(d/2)
[
1− 2
d
]
λ21Λ
−δl. (D11)
c. Renormalization of h2, h3 and h4
At one loop, there is no diagram renormalizing h2, so
Zh2 = 1 (D12)
There are two diagrams that contribution to the renormalization of h3 and h4 at one loop. The
first is shown in Figure 4, and equals
k
p
k2
k1
FIG. 4. First diagram renormalizing h3 and h4 in Wilson RG.
=
∫
ddk1
(2pi)d
d2k2
(2pi)d
φs(−k1 − k2)ψa,s(k1)Fab(k1, k2)ψb,s(k2) (D13)
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where k := −k1 − k2, the solid vertex denotes an insertion of the U(1) breaking operator h2, and
F (k1, k2) = −λ1h2
2
∫
f
ddp
[
C[p ∗ (k − p) + k1 ∗ k2]tr[CG(p)CGT (k − p)] (D14)
−4k2 ∗ (k − p)CG(p)CGT (k − p)C
]
Keeping at most two powers of slow momenta k, and dropping terms that vanish upon integration,
we find
F (k1, k2) = −λ1h2C[3k1 ∗ k2 + 2k2 ∗ k2] 2
(4pi)d/2Γ(d/2)
Λd−2δl (D15)
The second diagram renormalizing h3 and h4 is shown in Figure 5, and equals
k2
k1
p
k
FIG. 5. Second diagram renormalizing h3 and h4 in Wilson RG
∫
ddk1
(2pi)d
d2k2
(2pi)d
φs(−k1 − k2)ψa,s(k1)Gab(k1, k2)ψb,s(k2) (D16)
where k := −k1 − k2, and the solid vertex denotes the insertion of the U(1) breaking operators
proportional to h3 and h4, and
G(k1, k2) = −4λ21
∫
f
ddp
(2pi)d
D(p)CG(p− k1)CGT (−p− k2) (D17)
× [h3k2 ∗ (−p− k2) + 2h4(p+ k2) ∗ (p+ k2)]
Again, we drop terms proportional to p ∗ p and k ∗ p, since they will integrate to zero. The result
is, to quadratic order in the slow momenta k,
G(k1, k2) = −4(2h4 − h3)k2 ∗ k2λ21C
2
(4pi)d/2Γ(d/2)
Λ−δl (D18)
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Adding this result to (D15), we find the following renormalization constants:
Zh3 = 1−
6λ1h2
h3
2Λ−δl
(4pi)d/2Γ(d/2)
(D19)
and
Zh4 = 1 +
[
2λ1h2 + 4(2h4 − h3)λ21
] 2Λ−δl
(4pi)d/2Γ(d/2)h4
(D20)
The factors of Λ2 were removed by redefining the couplings constants to be dimensionless from
the start of the calculation. For all remaining diagrams, we cite the calculations of [24], since these
do not receive corrections from the U(1) breaking terms or the fermion mass to this order. As a
result, the beta functions for λ1 and λ2 are unchanged, and we can use the critical value λ
2
1 from
[24]:
λ21,∗
(4pi)2
=

12
+O(2) (D21)
d. Renormalization Constants at O()
To determine the value of these renormalization constants to O(), we replace λ21 in these ex-
pressions with λ1,∗ in (D21). Any corrections from U(1) breaking operators or the fermion mass
will be higher order in the parameters {hi,M}. We find, to O(), the following renormalization
coefficients:
Zψ =1 +

3
δl (D22)
ZM =1− 2
3
δl (D23)
Zh2 =1 (D24)
Zh3 =1−
6h2δl
h3
√
3(4pi)
√
 (D25)
Zh4 =1 + 2δl
[
h2
√

h44pi
√
3
+
(2h4 − h3)
3h4
]
(D26)
(D27)
2. U(1) Breaking Operators with Repulsive Interactions
We now calculate the renormalization constants for the theory (19). According (35), to determine
the h1 beta function, we only have to calculate Zψ and Zh1 . Since there is no one loop diagram
renormalizing h1, calculating the fermion propagator will be sufficient. Note that we are using
the same symbol Zψ for the renormalization constant in both (19) and (20), even though they are
different quantities. Using the modified -expansion, the fermion and boson propagators are
G(p) =
ip
p2
D(p) =
1
p2
(D28)
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The fermion mass is set to zero since time reversal symmetry is present at the transition gc,1. We use
solid lines (with an arrow indicating the direction of charge) to represent the fermion propagators,
and dashed lines to represent the boson propagators. As before, we include the operators of the
external legs in the definitions of our Feynman diagrams.
a. Fermion Propagator
The single one loop diagram that renormalizes the fermion propagator to O(h1) is shown in
Figure 6. It equals
k
p
FIG. 6. Fermion self energy in Wilson RG for g < 0
=
∫
ddk
(2pi)d
ψ¯s(k)Σψ(k)ψs(k) (D29)
where
Σψ(k) = η
2
1
∫
ddp
(2pi)d
D(p)G(k + p) (D30)
We expand Σψ(k) in powers of k, and extract the linear piece to determine
Zψ = 1 +
[
1− 2
d
]
2η21Λ
−
(4pi)d/2Γ(d/2)
(D31)
where we’ve replaced k with k†, since the difference renormalizes the operator ψ¯k3ψ, which doesn’t
enter into the modified -expansion.
Since the beta functions for η1, η2 receive no O(h1) corrections, we can cite the results of [13]
that at the critical point gc,1, η1 has a value of
η21,∗
(4pi)2
=

8
+O(2) (D32)
so that to O(),
Zψ = 1 +
η21
(4pi)2
= 1 +

8
(D33)
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Appendix E: Superspace Formalism
In this appendix, we rewrite the Lagrangian density (20) in superspace notation, at the critical
point gc,2, where the two U(1) invariant couplings λ1 and λ2 flow to a common value, λ∗. We use
the results of Section IV to ignore all U(1) breaking operators. This rewriting is most easily done
in real time. We introduce a chiral superfield
Φ(y) := φ(y) +
√
2θψ(y) + θ2F (y) (E1)
where θ, θ¯ are two-component Grassmann spinors, and y is the (real time) superspace coordinate
yµ := xµ − iθγµRθ¯ (E2)
By real time, we mean that xµ is a real time coordinate, and the matrices γµR = {−γ0, iγ1, iγ2}
satisfy the 2+1 dimensional Minkowski metric:
{γµR, γνR} = 2diag(1,−1,−1) (E3)
Throughout, we use the following spinor summation convention:
θα = αβθβ θα = αβθ
β θ2 = θαθα = 2θ2θ1 (E4)
where
αβ :=
(
0 −1
1 0
)
αβ :=
(
0 1
−1 0
)
(E5)
The Grassmann integration measure is defined as follows:
d2θ = −1
4
dθαdθβαβ =⇒
∫
d2θθ2 = 1 (E6)
By Taylor expanding Φ(y) in powers of θ, and integrating out the auxiliary field F , one can show
that
LSUSY := L0SUSY + δLSUSY = ∂µφ∗∂νηµνφ+ iψ¯γµR∂µψ − λ2|φ|4 − λ
(
φψTCψ + h.c.
)
(E7)
where
L0SUSY =
∫
d2θd2θ¯Φ†Φ (E8)
and
δLSUSY =
∫
d2θW (Φ) +
∫
d2θ¯W (Φ†) W (Φ) :=
λ
3
Φ3 (E9)
Equation (E7) is exactly the real time version of (20), at the critical point λ1 = λ2 = λ ≡ λ∗.
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Appendix F: two loop Calculation of Fermion Mass Beta Function
As a check of (45), we explicitly calculate the fermion mass beta function in renormalized pertur-
bation theory at two loops in the modified -expansion. In the MS scheme, we find the following
renormalization constants:
Zψ = 1− 4λ
2
1
(4pi)2
− 16λ
4
1
(4pi)42
+
8λ41
(4pi)4
(F1)
ZM = 1 +
8λ21
(4pi)2
+
80λ41
(4pi)42
− 40λ
4
1
(4pi)42
(F2)
The beta function is
βM = M [1 + γψ − γM ] = M − 12λ
2
1M
(4pi)2
+
96λ41M
(4pi)4
(F3)
Using the critical value of λ21 found in [20],
λ21,∗
(4pi)2
=

12
+
2
36
(F4)
the beta function equals
βM (λ1,∗) =
[
1− 12
[

12
+
2
36
]
+ 96
2
144
]
M =
[
1− + 
2
3
]
M (F5)
which agrees with the relations (45) and (61) to O(2).
Appendix G: Consequence of a Relevant Fermion Mass Operator
A relevant fermion mass implies that at energy scales ΛM , the critical point will be described
by a purely bosonic theory, obtained by integrating out the fermionic modes completely. To perform
this integration explicitly, we use a Hubbard-Stratonovich transformation to replace all of the four-
Fermi interactions in (14) with
Lint = −m2|φ|2 + (φ[ρ1ψ¯Cψ¯T + ρ2∂rψTC∂rψ] + h.c.) (G1)
where
ρ1 = 4m
√
gΛ−10 ρ2 =
m
2
√
g
Λ30
(G2)
This expression (G1) reproduces (14) to O(g) when φ is integrated out. The boson φ no longer
corresponds to the Cooper pair φ ∼ ψ1ψ2 of (20); instead, it corresponds to
φ ∼ ψ1ψ2 + 1
2
∂rψ
∗
1∂rψ
∗
2 . (G3)
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We can use (G3) to determine how φ transforms under the exact lattice symmetries (23 - 25).
Explicitly, these transformations are
C : φ(x, y) 7→ φ∗(x, y) (G4)
T : φ(x, y) 7→ −φ∗(x, y), i 7→ −i (G5)
P : φ(x, y) 7→ φ∗(−x, y) (G6)
R : φ(x, y) 7→ iφ(−y, x) (G7)
The most noteworthy equation is (G7), since it implies that the most relevant U(1) breaking
operator allowed by symmetry is φ4+φ∗4. To determine the coefficient of this operator, we integrate
out the fermions explicitly, using the notation introduced in Chapter IV. The unique one loop
diagram generating a φ4 interaction is shown in Figure 7. We are not interested in derivative
FIG. 7. Diagram generating φ4 + h.c. when the fermion mass is relevant
operators, so we can set all external momenta to zero. The contribution to the operator φ4 is then
equal to
= −8ρ21ρ22
∫
d3p
(2pi)3
(p ∗ p)2tr[G(p)CGT (−p)CG(p)CGT (−p)C] (G8)
where the integral is over all momentum modes up to a cutoff Λ ∼M . Using C(/pT +M)C = /p−M ,
the trace equals
tr[G(p)CGT (−p)CG(p)CGT (−p)C] = 2
(p2 +M2)2
(G9)
Writing p ∗ p = p2 sin2 θ cos(2φ) in spherical coordinates, the expression (G8) equals
− 16ρ21ρ22
∫
d3p
(2pi)3
p4 sin4 θ cos2(2φ)
(p2 +M2)2
∝ ρ21ρ22M3 (G10)
Therefore, a φ4 + h.c. operator is generated, with coupling constant proportional to
ρ21ρ
2
2M
3 ∝ Λ−10
(
m
Λ0
)4
g2
(
M
Λ0
)3
(G11)
Since our original assumption was that the fermion mass is small compared to the bare cutoff,
we see that the coefficient of φ4 is highly suppressed. Therefore, the low energy theory near the
critical point gc,2 has the following structure
L = |∂µφ|2 +m2|φ|2 + ρ|φ|4 + ρ˜(φ4 + φ∗4) ρ˜ ρ (G12)
